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I. INTRODUCTION 
The simple group 2D,(2), which is isomorphic to O,(2)‘, has three 
conjugacy classes of elements of order 3. The ~e~tral~~e~s of re~~e~~~t~t~ve 
elements are : 
ff ll Z,XD,XA, 
where H, denotes the centralizer of an element of o er 3 in the centre sf a 
Sylow 3-subgroup of PSp(4, 3). Finite groups whit contain an element of 
order 3 with centralizer isomorphic to H, have been st 
in the presence of an extra hypothesis which does not hoi 
that a finite group has the same 3-centralizer structure 
precisely three conjugacy classes of elements of order 3 
of representative elements being as above. The purpose of this paper is to 
rove the following theorem. 
~~EQ~E~. Let @ be a finite group with the same ~-~e~tr~~izer ~%r~~%~~~ 
as “D,(2). Then G is isomorphic to ‘D,(2). 
Let G be a finite group with a se tralizing ~~erne~ta~~ A 
subgroup T of order 9. Suppose that IV, = T(‘(u, o), where (u, v) is a 4 
grcsup. Then, we can choose generators a, 
on g is given by the matrices u = ( 2, )? u = c -rl ). 
C,,,,(ab) = T. Hence C,(ab) is 3-nilpotent. Also, C,(a) has 
subgroup J of index 3 with Sylow 3-subgroup (b 
and C,(b) = (b). Thus, J/O,,(J) is isomorphic to 
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[3] (note that u inverts b in J). Similarly, C,(b) = (b) x K where K/O,,(K) 
is isomorphic to D,, A,, or PSL(2,7). In this section, we determine the 
precise structure of G in the case that C,(ab) = T. 
LEMMA 2.1. With the above notation, suppose that C,(ab) = T. If 
O,,(G) = 1 then O,,(J) = O,,(K) = 1. Moreover, either G is isomorphic to 
J x K or G is a split extension of 2, X A, or 2, X PSL(2,7) by 2,. 
Proof. By [7, Theorem 3.11, G is not simple. Let L be a minimal normal 
subgroup of G. Since O,,(G) = 1, L has order divisible by 3. If L is a direct 
product of two non-Abelian simple groups, then L is isomorphic either to 
A, x A, or to PSL(2,7) X PSL(2,7) from the structure of J and K. Hence 
N,(T) <L, and so, by a Frattini argument, L = G which contradicts the fact 
that L is a minimal normal subgroup of G. Suppose now that L is a non- 
Abelian simple group. If T< L, then IN,(T)/TI < 2 (since L # G) which 
contradicts [ 121. Thus, without loss of generality, we may suppose that (b) 
is a Sylow 3-subgroup of L (note that ab has four conjugates in T so (ab) 
cannot be a Sylow 3-subgroup). Hence ab induces an automorphism of L of 
order 3 with fixed point subgroup (b). By [2], this means that L must be 
isomorphic to A, or PSL(2,7), and the induced automorphism must be the 
inner automorphism induced by b. Thus, a must centralize L. Hence L <J. 
But then, from the structure of J, J = LO,,(J). Since L 4 G, L must 
centralize O,,(J) and, since C,(T) = T, we must have O,,(J) = 1. So L = J. 
By a Frattini argument, G = Cg(b)J= KJ. Then O,,(K) induces a 3’-group 
of automorphisms of J all fixing b. From the structure of Aut J, it follows 
that O,,(K) n C(J) h as index at most 2 in O,,(K). But a normalizes 
O,,(K) n C(J) and acts fixed point freely on O,,(K), so O,,(K) n C(J) must 
equal O,,(K), that is O,,(K) centralizes J. Since G = KJ, O,,(K) u G and 
hence O,,(K) = 1. Thus G = KJ, where K is isomorphic to D,, A, or 
PSL(2, 7). Then G = K X J, except possibly if K is isomorphic to D,, when 
the semi-direct product need not be direct. In all cases, we have the 
conclusion of the lemma. Finally, suppose that L is a 3-group. If L = T, then 
G = N,(T). Hence J and K are both isomorphic to D, and G = K x J. Thus, 
we may suppose that L = (b), without loss of generality. Then G = C:(b) = 
(b, u)K. Hence O,,(K) = 1 and, since (b) is normal in J, J= (b, u). Thus in 
all cases, we obtain the conclusion of the lemma. 
LEMMA 2.2. If C,(ab) = T, then O,,(J) and O,,(K) are contained in 
0, ,(G). Moreover, 0, ,(G) = 0, ,(J) X 0, ((K). 
ProoJ The first part of the lemma follows immediately by applying 
Lemma 2.1 to G/O,,(G). If x E O,,(J) and y E O,,(K), then since ab acts 
fixed point freely on O,,(G) we have [xab, y] = [x, y”“] (see [8]). Thus 
ACHARACTERIZATIONQF 2&(2) 469 
[AT”, y] = [x, y”], and hence [x, y] = [x, yjabm’* ab- ’ acts fixed point freely 
on t’J,,(G). Hence [x, y] = 1. Thus O,,(J) ce alizes 0, ,(K), Finally 0, ,(Gj 
d by O,,(J) and O,,(K) [5, Theorem 6.2.4]. Thus, 
3. Grouts WITH A CERTAIN &NTRALIZER 
In this section, we consider a finite group G satisfying the following 
hypothesis, where H,, is as in Section 1. 
HYPOTHESIS. G contains an element a of order 3 such that 
(a) C,(a) is isomorphic to H,; 
(b) a is conjugate to (Y-‘. 
The structure of H, is described in [6]. In 
Abelian of exponent 3 and order 27, Ei,/O,(H,) 
and the extension splits. All the results of 19, Secti 
using condition (b) of the hypothesis of 191, and 
hypothesis. We use the same notation. In particul 
3-subgroup of 14 (and hence of G), M is the 
subgroup of P of order 27, and N,(P) =P(,‘> where f is an involution. 
Eemmas 3.1 to 3.3 follow from the corresponding lemmas in [9? Section 21~ 
LEMMA 3.1. W&P> = P(t, u) where (t, a) is a 4group and u inverts 
every element of M. 
2. ~~(~) = ML, where M f7 L = % atid L is i~~~~~~~ic to 
n the case that L is isomorphic to Z, x S4, let x and z be as in 
Section 21. Then, choosing suitable generators CL: a2, cz3 of 
Z, x S, on M can be described by the matrices 
e then obtain the following lemma. 
48llhYDli 
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LEMMA 3.3. (a) If L is isomorphic to D12, then G has precisely jke 
conjugacy classes of elements of order 3. 
(b) If L is isomorphic to Z, x S,, then G has precisely three 
conjugacy classes of elements of order 3, with representatives a, a-‘a=, and 
aa’. Moreover, the centralizers of these representatives in N,(M) are P(t), 
M(t, uz), and M(t, z, u?), respectively. 
For the rest of this section, we assume that we are in case (b) of 
Lemma 3.3. Note that (aa’)x = aZaelar and (aa’)X’= a;‘a-‘a”. 
LEMMA 3.4. Let T = (aplar) x (a2). Then C,(T) = T x J, where J has 
Sylow 3-subgroup (aaT) and CJ(aaT) = (aa”). 
Proof. C,(T) f7 N,(M) = M(W), and hence C,(T) has Sylow 3- 
normalizer M(uz). Moreover C,(T) has a normal subgroup J of index 9 with 
Sylow 3-subgroup (aa’), by a theorem of Grim. Hence C,(T) = TX J. Since 
C,(M) = M, C,(aa*) = (aa’). Th is completes the proof of the lemma. 
LEMMA 3.5. C,(a-‘a”) = ((a-la”) x (a2) x J)(t). 
ProoJ Let L = C,(a-‘a”). Then L has Sylow 3-normalizer M(t, uz). By 
a theorem of Grim, L has a normal subgroup K of #index 3 with Sylow 3- 
subgroup (a2) X (aa’) = D, say. Also L = (a-la%) x K, so that N,(D) = 
D(t, ur). In particular, C,(D) = D and K has three conjugacy classes of 
elements of order 3 with representatives a2, aaT, a2aa’. Clearly 
C,(aa’) < C,(a) = H, and hence C,(aaZ) = M(t). Thus C,(aa”) = D(t). 
Also, a2aas is conjugate to a and C,(a,aa”) has Sylow 3normaliser M. 
Hence C,(a,aa”) = M. Thus, CK(a,aar) = D. From Lemma 3.4, C,(a,) = 
T x J, and hence C,(a,) = (az) x J. Applying Lemmas 2.1 and 2.2 of 
Section 2, K = (a?, t)J. Hence L = ((a-la’) x (a2) x J)(t). 
LEMMA 3.6. C,(aa”) = (aa’) x K, where K has Sylow 3-normalizer 
T(t, z, u?), T = (aZ) X (a-la”), and (t, z, u?) is isomorphic to D,. 
Moreover, CK(a-‘a”) = T(t) and CK(a;‘a-‘a”) = (a;‘a-‘a”) x J”. 
Proof. Let L = C,(aa”). By Lemma 3.3(b), L has Sylow 3normalizer 
M(t, t, u?). Thus, L has a normal subgroup K of index 3 with Sylow 3- 
subgroup T= (a2) x (a-‘a’). Hence L = (aa’) x K and N,(T) = 
T(t, r, u?). It is easily verified that (t, 7, u?) is dihedral of order 8. From 
Lemmas 3.4 and 3.5, C,(aa”) n C,(a-la’) =M(t). (Note too that this 
follows from the structure of H = C,(a).) Hence CK(a-‘a’) = T(t). Since 
aZa-‘ar = (aaT>x and a; ‘a-‘ar = (aar)x2, IT” = (aa=) x (a; ‘a-la”). By 
Lemma 3.4, C,(aa”) f7 C,(a; ‘a-la’) = C,(F) = T” x J”. Hence 
CAal ‘a-la”) = (a; ‘a-‘az) x J”. 
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4. Groups WITH THE SAME ~-CENTRALIZER 
STRUCTURE AS 'D,(Z) 
Throughout this section, G is a finite group with the same 3-centraiizes 
structure as 2D,(2). Thus, G has three conjugacy classes of elements of order 
3, and the centralizers of representative elements are : H, 9 Z3 X D, X As : and 
Z, x A, ~ In particular, G satisfies the hypothesis of Section 3. We use the 
notation of Section 3. 
LEMMA 4.1. iV,(M)/M is isomorphic to Z, X S,, that is we are in case 
(b) of Lemma 3.3. 
ProoJ We cannot be in case (a) of Lemma 3.3, since then G wouid have 
five conjugacy classes of elements of order 3. 
LEMMA 4.2. (a) c&t-“a’) = (a%=) X (a2, 1) X a.f, where 9 is 
isomorphic to A 5 ; (b) C,(aa”) = (aa’) x A ? where A is isomorphic to A a /) 
Proof. By Lemma 3.5 and the 3-centralizer structure of 6, C,(a ‘a’) 
must be isomorphic to 2, X D, X A 5. Hence J is isomorphic to A 5 9 and 6 
centralizes J. This gives (a), and (b) is immediate. 
kvlMA 4.3. G is simple. 
ProoJ Suppose G is not simple. Let K be a maximal normal subgroup of 
G. Then K # 1, and hence, since O,(C,(d)) = I for all elements d of order 3, 
we must have K of order divisible by 3. It follows from the conjugacy classes 
of elements of order 3 that P <K. By a Frattini argument, \G/K] = 2 and 
G = K(u) (since t is a square, t E K). But then N&Q/M is isomorphic to 
S,, and C,(aa”) has Sylow 3-normalizer M(t, z) (see also 16, (2.6)]). From 
Lemma 4.2(b), C,(aa’) h as no subgroups of index 2. Thus C,(aa”) <.- 
and, in particular, Cx(craZ) has Sylow 3normalizer M(r, r, UP) from 
Lemma 3.3 (b). This contradiction establishes the lemma. 
kEMMA 4.4. A has Sylow 3-normalizer T(t: z, u?), where T= (a2) >( 
(a la’). Moreover, without loss of generality, we may iden@y elements of A 
with elements of A, as follows: a;‘a-la’= (I,& 3): a2a-‘a7 = (4,5,0& 
P = the alternating group on 4, 5, 6, 7, 8,J”” = the alternating group opi 1, 2, 
3, 7, 8, zd = (5, 6)(7, S), z = (2, 3)(5,6), t = (I, 4)(2, 5)(3,6)(7, 8). 
Proof. The Sylow 3-normalizer of A is obtained immediately from 
Lemma 3.6 Also, from Lemma 3.6, C,(a;‘a ‘a’) := (a; la-‘aZ) x P, where 
Jr is isomorphic to A, (Lemma 4.2(a)). Thus a; Ia Ia5 must correspond to a 
3-cycle. We may identify a;‘a-“aT = (I, 2,3), and P = the alternating 
group on 4, 5, 6, 7, 8. Then, without loss of generality, we may identify 
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a2a-laz = (4,5, 6), JXZ= the alternating group on 1, 2, 3, 7, 8, UP= 
(5,6)(7,8), r = (2,3X5,6), and t = (1,4)(2,5)(3,6)(7,8). 
LEMMA 4.5. (uz)A is isomorphic to S,. Moreover, extending the 
identtjkation of Lemma 4.4 to S,, uz = (7,8), zX = (2,3), zx2 = (5,6). 
ProojI ur inverts aa’, and hence uz normalizes A (Lemma 4.2(b)). Also, 
ur centralizes (t, r, uzX)T, which is a Sylow 3-normalizer of A (Lemma 4.4). 
Thus, (uz)A is isomorphic to Z, X A, or SB, By Lemma 4.4, C,(uF) n 
C,(aa”) is solvable. Since a;k’a’ = (aar>x , conjugating by x gives that 
C,(W) n C,(a; ‘aP1aT) is solvable. However, C, (a; ‘a- ‘at) is not solvable 
by Lemma 4.4. Thus, uz does not centralize A. Hence (uz)A is isomorphic to 
S,. Extending the identification of Lemma 4.4 to S,, uz is identified with 
(7, 8). Th en rX2 = UP . uz is identified with (5,6), and rx = r . rx2 with (2,3). 
LEMMA 4.6. t, ~5, uzt lie in distinct conjugacy classes of G. 
Proo$ t centralizes D = (a) X (aT$ and, since Na(D) has Sylow 3- 
subgroup M which is self-centralizing, D is a Sylow 3subgroup of C,(t). 
Similarly, I’= (aI) X (a-‘at) is a Sylow 3-subgroup of C&r). By 
Lemma 4.2(a), C,(a -‘a’) n C,(uzt) = (a-la’) x (t) x C,(W), and hence 
C,(uzt) has Sylow 3-subgroup (a--la’). The lemma now follows. 
DEFINITION. An involution conjugate to t (resp. uz, uzt) is called a type 1 
(resp. type 2, type 3) involution. 
Note that, with the identification of Lemmas 4.4, 4.5, transpositions and 
products of two transpositions are type 2 involutions, products of three 
transpositions are type 3 involutions, and products of four transpositions are 
type 1 involutions. 
LEMMA 4.1. Let U be a 4-group of J normalized by aa’. Let 
E = (U, U”, UX’>. Then E is an elementary Abelian subgroup of order 64. 
ProoA Since J” is identified with the alternating group on 4, 5, 6, I, 8 
and (aaT)X= a2a’-‘a” is identified with (4, 5, 6), U” must be V,,,,,,, or 
V 4 5 6.8 where Vi,j,k,l denotes the 4-group ((i, j)(k, I), (i, k)(j, I)). Since U”’ 
=‘+ and t = (1,4)(2, 5)(3, 6)(7, 8) (Lemma 4.4), if U” = V,,,,,,, then 
U”‘= v,,,,,,, while if U” = V, ,5 ,6,R then UX2 = V,,,,, ,, . In both cases, 
[Ux, UX21 = 1. Conjugating by X, [U”‘, U] = [U, UX] = 1. Thus, E = U x 
U” x U” . Hence, E is elementary Abelian of order 64. 
LEMMA 4.8. With the notation of Lemma 4.1, No(E)/E is isomorphic to 
PSP(493). 
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ProoJ Since U is centralized by 7’ (Lemma 3. aliz 
U is normalized by M. Thus, u” and U”’ are nor 9 an 
is E = U X U” X U”‘. Clearly x normalizes E. Thus E is normal 
Since t centralizes U and interchanges UX and V”’ by conjugati 
normalizes E. Also, by the identification in A, (z, z”) ~~~rna~~zes ki” x &“, 
conjugating by x, (r, r”) normalizes E. However, wz E J a 
the two 4-groups of J normalized by ua”. 
ince U is a maximal 3’-subgroup of C&a-Ice”) normalized by 
and Ux x U”’ is a maximal 3’-subgroup of C,(arn’ 
follows that E is a maximal 3’-subgroup of G n 
N= NG(E>. Then, since P(t) <N, C,(c-r> =P(i> or 
(1, X, z, z”)M. In particular, N has no normal subgr 
N/E. Then # does not normalize any ~o~triv~a~ 3 
f C:,(ac) = P(t), then lli satisfies the hypotheses of ] 
ence I@ is normal in #. Thus, N = (t, x, 
action of (7, z”) on U” X U”’ is given by 
~ Let s = (t, z, r--p. The 
flcation in A, and hence 
the action of (t, T”) on E is known (by co ting by x). Since t centralizes 
anges U” and UX2, the structure of uniquely d~ter~~~e~ 
and it is easily verified that E is the only E,, of enee S is a Sylow 2 
subgroup of 6. Since G is simple (Lemma 4.3) a has order lZ9, G is a 
mown simple group (see [I] and 1131). 
possibilities, we see that none of the ight 3centralizer 
structure. Thus, this case cannot arise. Then IV satisfies 
e hypotheses of [6, Theorem I]. T 
In the following lemma, A 
v extension of an E,, by A, in whi 
transitively. Also, every involution of 
where e, E .U, e2 E U”, e3 E hi”‘. Define the length of the i~v~i~t~o~ to be the 
number of ei # 1. 
LEMMA 4.9. (i) The 27 involuMons of E of Zeltgth 2 are type ? 
~~vo~~ti~~~, and the remaining 36 invoi~ti~~~ are type 2 ~~vo~~tio~~~ 
oreover, if e is a type 1 involution of E then C,,,,(e)/E is i~~~o~~~ 
A j . E(1:); ife is a type 2 involution of E then CNC,,(ee),JE is ~~~~5~~~~~ to 
(ii) T/re coset Et contains 16 invo~ut~o~s~ 0J whi 
12 are type 3. tf 1 # e E C,-(t) then et is type 1 $ and o 
(iii) The eoset Ez contains 16 invo~~ti~~~~ of which 
12 are type 3. 
PYGC$ (i) E affords a nontrivial 6-dimensional repr 
PSp(4, 3) over GF(2), and hence E is the natural module for 
the involutions of E are permuted, under the action of N,(.E:)/E, in two orbits 
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of lengths 27 and 36 and the stabilizers in N,(E)/E of representative 
elements of these orbits are A, . E’,‘Q and S,, respectively. From the iden- 
tification of U” x U”’ in A in the proof of Lemma 4.7 it follows that the 
length 1 involutions of E are type 2 involutions and the length 2 involutions 
are type 1 involutions. Since the length 3 involutions of E are all conjugate 
under the action of M, they must be conjugate in N,(E) to the length 1 
involutions (note that there are 9 length 1, 27 length 2 and 27 length 3 
involutions in E). Part (i) of the lemma is now immediate. 
(ii) CE(t) = U x D where D = Cuxxux~(t). Let D = { 1, d,, d,, d3}. By 
the identification in A, t, d, t, d, t, d, t are type 1 involutions. Moreover, they 
are all conjugate under the action of U” x U”‘. If 1 #/3 E U then /3t is 
conjugate to uzt in (t) x J, and hence /?t is a type 3 involution. Conjugating 
/?t by elements of U” x U”’ we obtain further conjugates pd, t, ,bd, t, pd3 t. 
Thus Et contains 4 type 1 involutions and 12 type 3 involutions. The final 
statement of (ii) follows, since by part (i), d, , d,, d, are the only type 1 
involutions of CE(t). 
(iii) C,(t) = U x CUxxUxz(r). By the identification in A, the 4 
involutions of (Ux x Ux’)z are type 2 involutions. Also, the involutions of Uz 
other than r are type 3 involutions, since the involutions of U”? other than 
rx are identified with a product of three transpositions. The same argument 
as in (ii) now shows that Ez contains 4 type 2 involutions and 12 type 3 
involutions. (Note too that the type 2 involutions are precisely those in 
(UX x U-qr.) 
LEMMA 4.10. Let S be a Sylow 2mbgroup of N,(E). Then E is weakly 
closed in S with respect to G. In particular, S is a Sylow 2-subgroup of G. 
Moreover, G has precisely three conjugacy classes of involutions. 
ProoJ Let F be a conjugate of E with F < S, F # E. Then F does not 
contain a type 3 involution (Lemma 4.9(i)). By Lemma 4.9(ii) and the fact 
that PSp(4, 3) does not contain an E32, E n F must have order 4 and its 
involutions must all be type 1 involutions. Let f be a type 2 involution of F. 
Since only one of the involutions of U” x U”’ centralized by r is type 1, 
(E n F) f must contain a type 3 involution. This contradiction shows that E 
is weakly closed in S with respect o G. Thus, S is a Sylow 2-subgroup of G. 
Since PSp(4, 3) has two conjugacy classes of involutions, Lemma 4.9 shows 
that an involution of N,(E) is a type 1, type 2, or type 3 involution of G. 
The final statement of the lemma now follows. 
LEMMA 4.11. Let e be a type 2 involution of E. Then C,(e) = ZE, where 
Z is isomorphic to S,. 
Proof. Let N = N,(E), and let R be a Sylow 2-subgroup of C,(e). By 
Lemma 4.10, R is a Sylow 2-subgroup of C,(e). Also, C,(e)/E is isomorphic 
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to S, (Lemma 4.9(i)). Suppose y is a type 1 ~~vo~~ti~~ of 
there exists g E C,(e) such that yg E E. Then (q)” = eyp E E 
a type 3 i~vol~t~o~ (Lemma 4.9(ii)). This co~t~adict~o~ 
i~v~l~ti~n of R -E is conjugate in C,(e) to an invol 
there exists a 4-group Y < R such that Yn E = 1 and 
C,(e) to a subgroup of E. Then all involutions of Y are t 
all i~vol~t~o~s of (e) X Y are type 2 (Lemma 4.9 
conjugate to a subgroup of E and, by Lemma 4.9(i), 
subgroup of order 8, all of whose involutions are ty 2. This co~trad~ct~~~ 
shows that there is no 4-group Y conjugate in C,(e) a §nbgroup of E wirh 
YfJE= 1. 
is not strongly closed in respect to C,(e). Let 
X is conjugate in C,(e) to a of E, xg E), and let P 
m rank ofX/XflE for XE above a~gnme~t, Y = X. 
y [4, Corollary 41, there exists XE 9 with /Xi = 32. Then XRE has 
order 14, and hence X-E contains ty 3 i~v~l~~~o~s~ whit 
contradiction. Thus E is strongly closed in with respect o C,(e), 
ain Theorem], it then follows that E is normal in C,(e>. 
and t C,(e)/27 is isomorphic to S,. Since e is corijugat 
from ma 4.5 that C,(e) contains a subgroup .E is~rnor~~~~ to S,. Hence 
on, C stands for C,(t). 
C = ((a-“a”, T) X ..I) O,,(C), where 
From the structure of El = C,(a), C,(r) : 
is a quaternion group of 0 
Q C,(D) =&f(t). Hence N, 
, z, u). Also, C,(a) = DQ, C,(a- la 
C(aat) = (aa’) X C,(t) (Lemma 4.2). By &em 
2(C,(t)), where O,(CA(t)) is isomorphic to Q, * 
3(C) = (t). Let X/(t) be a minimal normal s~b~~o~~ of C/(f), 
Then X has order divisible by 3. From the structure of t 
elements of order 3 in C/(t), it follows that X/(t) is a n 
= (a) X (a”) is containe 
and C&j = D. This is a c 
us, a Sylow 3-subgroup of X has order 3. 
-‘a= E X, then Jf?%= I. 
is isomorphic to either A, or 
bus, (aaT) is a Sylow 3-subgroup of 
ence CX(aaT> < (aa’) x O,(C,(t)). By Lemma 4.163, a Syl~w 2- 
subgroup of G has order 212. Hence a Sylow 2-su of X has order at 
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most 2i”. By the classification in [l] and [ 131, x is known and, by checking 
through the possibilities, none of the groups has the right 3-structure. This 
contradiction shows that O,(C) # (t). Let Y = O,,(C). If Q & Y, then 
Q n Y = (t). Hence Cy(a) = (t) and C,(a=) = (t). Also C,(a-‘a”) = (t). 
Hence by [5, Theorem 6.2.41, Y is centralized by aa’. But aa” E J, and 
hence J centralizes Y. However, C,(J) has Sylow 3normalizer T(t, r) and 
satisfies the hypotheses of [9, Lemma 3. l] (for example, C,(J*) n C,(aa”) = 
(aaT) x (a;‘a-‘a”) so that C,(J) f7 C,(a;‘a-‘a”) = T). Hence C,(J) = 
T(t, 7). Thus Y = (t), which is a contradiction. Hence Q < Y. Let 
c= C/O,(C). Th en C,-(g) = 0. Thus, C satisfies the hypotheses of 
Lemma 2.1. Since r centralizes J, C= (a-la”, F) x1 Thus 
C = ((a-la”, z> x J) O,,(C). 
Also O,,(C) is generated by Q, Q’, and O,(C,(t)). Since a-la’ acts fixed 
point freely on O,,(C)/(t), O,,(C) is a 2-group of order at most 29. If e is a 
type 1 involution of E, then CNcEj(e)/E is isomorphic to A, . E’,‘Q 
(Lemma 4.9(i)). It follows that in the action of J on O,(C), one of the chief 
factors affords the natural module for O;(2)‘, the permutation module N of 
[lo]. Since aaz fixes the subgroup O,(C,(t)) which is isomorphic to Q, * Q,, 
the chief factors of the action of J on O,(C) considered as GE;(2)4,-modules 
are isomorphic to N, N, 1. By [ 10, Theorem 11, it follows that O,(C)/(t) is 
Abelian. Since O,(C,(t))/(t) is elementary Abelian, O,,(C)/(t) cannot be 
2, x Z, x Z, x Z,. Hence O,(C)/(t) is elementary Abelian of order 28. 
Since O,,(C) is not Abelian, O,,(C) is an extraspecial group of order 2’1 
Thus, Q is normal in O,,(C). If an element of order 4 in QT induces a non- 
trivial automorphism of Q, then since a permutes cyclically the three 
subgroups of order 4 in Q’, all elements of order 4 in Q’ induce the same 
automorphism of Q. This contradiction shows that Q and QZ centralize each 
other. Similarly, each of them is centralized by O,(C,(t)). Hence 
0, dC> = Q * QT * WC/, (9). Thus O,,(C) is isomorphic to 
Q8 * Q8 * Q8 * Q8. This completes the proof of the lemma. 
LEMMA 4.13. N,(E) splits over E. 
ProoJ: fl= N,(E)/E has Sylow 2-subgroup ($(Q * p). From the proof 
of Lemma 4.12, Q and Qr centralize each other. Thus, (r)(Q * QZ) is a 
complement to E in a Sylow 2-subgroup of N,(E). Hence N,(E) splits over 
E. 
LEMMA 4.14. Let E, = (7) x Co&z), E, = Ey-I”‘, E, = Ef-I”‘. Then 
E,, E,, E, are conjugate to E. Moreover, 
(i) a type 1 involution of C is contained in one of E,, E,, E, ; 
(ii) a type 2 involution of C is either contained in one of E,, E,, E, or 
is in a coset of O,(C) which contains an involution of J. 
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Pro0i Let e be a type 1 involution of E, an 
is isomorphic to A, . E(1:) (Lemma 4.9(i)). 
In A, . E\“Q the involutions oft 
d 10, the orbit of length 5 consi 
Sp(4, 3), and the other orbit consisting o 
mma 4.9, O,(H) contains 5 . 4 + 27 = 
I 4 i 36 = 76 type 2 involutions. Thus, th 
F1 = C,ZcC~(z). Then J normalizes F,. Sin 
Z(GA(t)), and centralizes in each of them an E, ~o~ta~~~~~ t, it follows that 
I is isomorphic to E,,. The involutions of F, are rerouted by 9 i ts of 
lengths 1, 5, 5, 80, 10 (since the action on F,/(l) affords the )A,- 
ly, (r) X F, is conjugate to E. Thus, the ~~v~~~t~o~s of FI 
or type 2. Hence in F, - (t), there are either 10 type 1 and 
type 2 and 20 type I involutions. Hf PI - (b) contains 20 
type I involutions then by conjugating by ~“a” twice we would obtain 68% 
ions in O,(C). But (r) O,(C) only contains 47 type I 
rice F, contains 11 type 1 i~vo~~~io~s and PO ty 
6, -F, contains 16 type 1 and 16 type 2 involutions (re 
27 type I ~~vo~~tions a d 36 type 2). Let F, =FFml’Zr an 
thsntF,nB;,=F,nP,=F,nP,=(t).ThenE,UE,u 
1 and 16 type 2 involutions and hence these are all th 
invoiutions of (z} O,(C). Thus, a type 1 or typ 
(a-‘cu”, 2) O,(C) is contained in one of E, ) Ei, E;. From the structure of 
~~~~4, 31, a central involution ofPSp7(4, 3) in tke 
f the 5 central involutions in the E 16. Ht fk‘ollo 
must be in O,(H) and that M - O,(M) eont 
type 2 involutions. Hence a type 1 ~~v~~~t~~~ o 
’ -luT, 7) O,(C) and hence in one of El, E,, E,. From the action of J on 
Z(C>, uz centralizes an E,, in O,(C) and does not invert any element of 
order ence the coset O,(C) uz contains 32 ~~v~~~t~o~s~ of which 86 are 
conju in C to uz and 16 are conjugate in C Hence there m-e 
ecisely 15 . 16 = 240 type 2 ~nvo~~tiQ~s in ) - O,(C), Since 
) also contains precisely 240 type 2 ~~v~~~~i~~s, a type 2 
invo~~tiQ~ of ((7) x i) O,(C) is contained either in (z) O,(C) or in 
IO,(G) - O,(C). Hence a type 2 involution of C is ~~~~ai~ed ither in 
(aelas, z) O,(C) or in JO,(C) - O,(C). Tb’ rlS completes the prosf of the 
lemma. 
LEMMA 4.15. (a) Every element of order e coset Et squires to a 
the 48 elements of order 4 in the coset ET, 15 s 
1 ~~v~~~t~on, and 32 square to a type 2 ~~vo~~t~~~~ The e~e~e~t~ e E E mch 
that (eT>” is a type 1 invohtion consist of 4 type 1 ~~vo~~t~o~s arm! 12 type 2 
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involutions. The elements eE E such that (ez)’ is a type 2 involution consist 
of 16 type 1 involutions and 16 type 2 involutions. We can summarize the 
result in the following table: 
e type 1 
e type 2 
(er)’ type 1 (ez)” type 2 
4 16 
12 16 
Proof. (a) If e,, e, E E, then (e, t)‘= (e,t)’ if and only if e1e2 E C,(t). 
Thus, there are precisely three involutions of E which are squares of 
elements of order 4 in Et. With the notation of the proof of Lemma 4.9(ii), 
d, , d, , and d, are squares of elements. of order 4 in (Ux x Ux’)t. Since d, , d,, 
and d, are type 1 involutions, part (a) of the lemma follows. 
(b) A similar argument shows that the squares of elements of order 4 
in Ez are precisely the involutions of U” x Ux2 centralized by r. Let 
U” = (u, , vi) where U, is centralized by r. Then the squares of elements of 
order 4 in Ez are u,, UT and u,u:. Also, u,, UT are type 2 involutions and 
u, u: is a type 1 involution (Lemma 4.9(i)). If e E E, then (er)’ = U, if and 
only if eE (Ux (u,)x (u:))vI. There are eight such e of type 1 and eight 
such of type 2 (Lemma 4.9(i)). Similarly, the elements e E E such that 
(er)’ = u: consist of eight type 1 involutions and eight type 2. Finally the 
elements e E E such that (er)’ = U, UT are the elements of C,(r) v, VT ; there 
are 4 such e of type 1 and 12 such of type 2. This completes the proof of the 
lemma. 
If w is an involution of G, let f(w) denote the number of ordered pairs 
(tl, t2) such that t, is a type 1 involution of G, t2 is a type 2 involution of G 
and w E (ti t2). 
LEMMA 4.16. (a) f(t) = 2064; (b) f(ur) = 495. 
Prooj (a) Suppose t E (tl t2) where t, , t, are involutions of types 1, 2 
respectively, By Lemma 4.14(i), t, E E,, E, or E,. Suppose that t, E E, . If 
t, and t, commute, then t = t, t, and t, E E,. A straightforward calculation 
using Lemma 4.9(i) shows that the number of such ordered pairs (tl, t2) is 
16. Suppose then that t, and t, do not commute. In the case that t, 
normalizes E,, we can compute the number of such ordered pairs (tl, t2) as 
follows. Since PSp(4,3) contains 270 noncentral involutions, there are 270.4 
type 2 involutions in NG(E1) -E,. By Lemma 4.15(b), for each such type’2 
involution b,, there are four type 1 involutions b, E E, such that (b, b,)* is a 
type 1 involution of E,. Hence the number of ordered pairs (tl, t2) with 
t, E E,, t, E No(E,) -E, such that (tl t,)’ = t is 270 . 4 . 4/27 = 160 (since 
E, contains 27 type 1 involutions). Since N&Z,) = ((r) x J) O,(C), in the 
case that t, does not normalize E,, t, E E, or E, (Lemma 4.14) and 
t, & O,(C). Then t, is conjugate in C to r and hence tt, is type 1. Thus 
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1, & O,(C) since otherwise tt, is conjugate to t, in (tr; 1J. Ifs, is any type 1 
i~vo~~tio~ of E, with s, & O,(C) and s, any type 2 ~~v~~~t~ou in 
with s2 6Z ), then (a,) S2) = (a-‘a’, f) where C= 
not conju to s2, (sr , s,) cannot be ~sornor~~~c to 
centralizes only (t) in O,(C), (sl, sz) is isomor~bic t
Hence all such pairs (s 1, s,) contribute to f(k). Since each Ei co~t~~~s H 6 
1 and 16 type 2 involutions not in O,(C) (see the 
ma 4.14), the number of such pairs is 16 . 32 = 512. 
o S(t) from ordered pairs (tI, tz) with 1, E E, is 16 f 
uhiplying by 3, S(t) = 2064. Note that. if (5,) PJ is an o 
ng to f(t) with t, E JO,(C) - O,(C) then (tl 9 1,) is i 
to D, and hence tt, is type 2. However, t, is conjugate to tlz in C (see the 
proof of Lemma 4.14) and hence tt, is type 3, which yields a cQntradicti~ 
Hence, if (I’,) t2) is an ordered pair contributing to S(r), then t, is containe 
in one of E, p E,, E, (Lemma 4.14(ii)). This result will be used in t 
of the next lemma. 
(b) Let e be a type 2 involution of E. Suppose e E (t112). Then 
t,, 1, E C,(e) = ZE (Lemma 4.11). If t, @GE, then el, is a type 3 ~~vo~~t~o~ 
a 4.9(ii)). This is a contradiction since et, is conjugate to t, or c”, in 
(2,) f2). Thus, t, E E. Now N&Z) - I$ contains 270 a 4 type 2 in~ohAions 
(see the proof of part (a)), and by Lemma 4.15 (“I), if e”2 is one of them, there 
e 1 involutions b, E E such that (b, b,j2 is a type 2 invo~~t~o~ f 
E. Thus, the number of ordered pairs (tl, t,) wit tr E E, t, @E such that 
e E (tlt2) is 270 . 4 - 16/36 = 480, since E coma s 36 type 2 inv~l~tio~s~ 
Finally, this leaves the case t, E E. Then, it is easily ~~~~~~~~ that the 
r of ordered pairs (tl, t2) with t,, t, E E such that e = kit2 is 15, 
f(e) = 480 $ 15 = 495. Thus f&r) = 495. 
A 4-group is called disting~~s~~ if it ~~~ta~~§ a type X, a 
(w, t2) are ~isti~g~ish~d 4groups, where t,) t, are i~va~~t~a 
res~ect~vely~ which do not commute. Then w E (t,, t2). 
oo$ Suppose first that the central involution of (t, ) e,) is type i. 
out loss of generality, we may suppose that it is 1. Note that t is also the 
central i~.vo~ntion f (wt,, wt,). From the remark at the end of the 
Lemma 4.16(a), each of the four involutions e, T kZ, WY’,, wt, of C is contained 
in one of E,, E,, E,. Hence at least two of t mUSt be in the same Ei- 
This leads to a contradiction since w G$ Ei l,) t, do not 6omrn~tc~ 
Suppose now that the central involution of (tl, t2) is type 2. 
~e~~r~l~t~~ we may suppose that it is a type 2 ~~v~~~t~o~ e of E. As in the 
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proof of Lemma 4.16(b), it follows that t, E E. Since e is the central 
involution of (wt,, wt,), the same argument shows that wt, E E. Thus t, and 
wf, commute, which is a contradiction. 
If si is a type 1 involution of C, then si is contained in one of E,, E,, E, 
(Lemma 4.14(i)). Hence ts, is either type 1 or type 2. Thus, the product of 
commuting type 1 involutions cannot be type 3. Moreover, ifs, & O,(C) then 
s, is conjugate to tz in C, and hence ts, is type 2. Thus, if ts, is type 1 then 
s, (5 O*(C)* 
Suppose finally that the central involution of (tl, t2) is a type 3 involution 
p # w. By the previous paragraph, /?tl is not type 1. Hence t, t, has order 21, 
where I is odd, I # 1. Thus /3w is the central involution of (tl , wt,) and /?wtl 
is type 1. Hence /?w is not type 3. If pw is type 1 then t, E O,(C&w)) (see 
previous paragraph). Similarly, wt, E O,(C,@w)). Hence t, wt, has order 4, 
which is a contradiction. Thus /3w is type 2. Let E* = O,(C,(pw)) which is 
conjugate to E (Lemma 4.11). Since pwt, is type 1, t, E E* (Lemma 4.9(ii)). 
Similarly, wt, E E*. Hence t, and wt, commute, which is a contradiction. 
This final contradiction establishes that w is the central involution of (tl, t2). 
LEMMA 4.18. G has order 2’* . 34 . 5 . 7 . 17. 
ProoJ Let t, be a type 2 involution of C such that tt, is type 3. Then 
t, & Ei for i = 1, 2, 3. Thus t, E JO,(C) - O,(C) (Lemma 4.14(ii)). As in the 
proof of Lemma 4.14, there are 240 type 2 involutions in JO,(C) - O,(C) 
and they are all conjugate in C to UZ. Thus, if sZ is one of them, ts, is type 3. 
Hence there are 240 distinguished 4-groups in G containing t, and they are 
all conjugate. 
Let p be a type 3 involution of C such that @, t) is distinguished. Thus 
/? E JO,(C) - O,(C). Let t, be a type 1 involution of C such that @, tl) is 
distinguished. Then t, E Ei for some i = 1, 2, 3 (Lemma 4.14(i)). From the 
structure of the coset E,/3 (see the proof of Lemma 4.9(iii)) there is a unique 
type 1 involution si E Ei, s1 # t such that @, s,} is distinguished. Hence 
there are 4 distinguished 4-groups in C containing /I, Thus, each 
distinguished 4-group in G containing a given type 3 involution centralizes 
precisely 4 distinguished 4-groups containing the same type 3 involution. 
Let w be a type 3 involution of G. Let the order of C,(w) be c. Since all 
type 3 involutions of a Sylow 2-subgroup of N,(E) have centralizer in E of 
order 16, 2” does not divide c. By the proof of Lemma 4.6, 3 divides c but 9 
does not. Since N&E(t)) has order 212 . 3* (Lemma4.8) and the coset Et 
contains 12 type 3 involutions (Lemma 4.9(ii)), each type 3 involution in the 
coset Et has centralizer in N,(E) of order 21° . 3. Thus, c = 21° + 3 . k where 
k is not divisible by 2 or 3. Since there are 240 distinguished 4-groups 
containing t, there are 24Oc/l C,(t)1 = 4k distinguished 4-groups containing 
w. Suppose that w E (tl t2) where t i, t, are involutions of types 1,2, respec- 
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tively. Since the product of commuting type 1 involutions cannot 
(see the proof of Lemma 4.171, wt, is conjugate to t, and wtz is conjugate to 
1, in (t,) t2). Thus, (w, tr) and (w, t2) are distinguished 4-groups. Ht foils 
from Lemma 4.17 and the previous paragraph that f(w) = 4k(4k - 3‘9, 
the Thompson Order Formula, /G/ = 2r’ ~ 34 . 5 0 7 . 17 + 2’” * 33 . 52(k - 
Since k divides the order of G, k divides 5 ~ 277. Si ylow 3 rmahzer 
in G has order 3’ . 2’ (Lemma 3.1), k = I (mod !I>. k= 1. s proves 
the Iemma. 
LmiMA 4.19. Let t, be a type I inv~~ut~~~ of G. Then one of the 
following holds: 
(i) t, commutes with t; 
(ii) tt, has order 3 and is conjugate to a- ‘ar; 
(iii) tt, has order 4 and its square is a type 1 ~~v~~~t~0~. 
ProoJ: From Lemma 4.14(i), the number of type 1 i~vo~ut~o~s 
comrn~t~~g with t is 3 . 26 + 1 = 79. From Lemma 4.2(a) and the fact that ? 
inverts a-b’, a Syiow 2-subgroup of CE(a-‘a’> is (zs t) x U Since U< E, 
Ur, U& hizt do not contain type 1 involutions (Lemma 4.9). 
type 1 involutions of (r, t) X U are t and rt. It follows that ( 
6 containing a-la’ and type X involutions. Hence the number of 
aining t and a conjugate of aP’aT is 3 ]C,(l>i/;! IC,(acr-“a’)j = 2” 
mas 4.2(a), 4.12). Hence the number of ty e 1 i~~o~~t~~~s f, uch that 
t&, is a conjugate of aplctT is 29. 
Let p be a type 1 involution of G,(G), /I # t. Then 
i= 1,2,3. If j+i (j=1,2,3) ,8 normalizes .Ej and he 
precisely 3 type I involutions of Ej (see the proof of Lem 
an involution of Ej - O,(C), then the centralizer in O,(C) of y is Ej I? 
1 involutions of Ej centralized by p are co~ta~~e~ in 
> contains II type 1 involutions (see the proof of 
re are 8 type 1 involutions in Ej ich do not corn~~t~ 
witk /3. Thus the number of ordered pairs (li r, b;) su 
involutions of O,(G) and (b,b;j2 = t is 30 . 16 = 480. 
least 485 type 1 involutions t, such that tt, has order 4 a 
i~v~~~tiQ~. So far we have accounted for 79 + 5 12 + 4X0 = 1071 choices for 
L, . By lemmas 4.12, 4.18 the total number of type 1 involutions in 6; is 
32 . 7 I 17 = 1071. The lemma follows. 
LEMMA 4.20. G is isomorphic to ‘D,(2). 
Pf+OC?J y Lemma 4.19, the type 1 involutions form a class of 13, 4 i+- 
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transpositions. By Timmesfeld’s classification theorem [ 141 together with 
Lemma 4.18, G is isomorphic to 2D4(2). 
This completes the proof of the Main Theorem. 
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